The advent of high-energy hadron colliders necessitates efficient and accurate computation of multi-jet production processes, both as QCD processes in their own right and as backgrounds for other physics. The algorithm that performs these tasks and a brief numerical study of multi-jet processes are presented.
Introduction
With the recommissioning of the Tevatron, and the foreseeable commencement of physics at the LHC, the need for fast and accurate QCD calculations is now larger than ever. In this paper, we describe our efforts to arrive at results of such calculations. To set the stage: we have in mind the computation of QCD cross sections with many observed jets that, as usual, are modelled by assuming that each jet comes from a single fragmenting parton. With the large amount of energy available, the number n of jets can easily be as large as eight, thus requiring the computation of amplitudes with 10 or even more external legs.
Although in principle straightforward enough, the usual techniques of evaluating Feynman diagrams and integrating the resulting cross section by Monte Carlo are in practice hampered by the computational complexity of the problem. The following obstacles can be recognized.
(1) The flavors of the initial partons are never detected, and in most cases (barring, say, b tagging) neither are the flavors of the final-state partons. In what follows we take all quarks (u, d, s, c, and b) to be essentially massless, although a version of the code with massive fermions exists. In the case of flavor integration, to be discussed later on, we always treat quarks as massless. This means that in any given jet configuration there are usually very many contributing processes. Even enumerating these is a nontrivial task, and calculating each individual process cross section is even more so [16] .
(2) In addition to flavor, neither the color nor the spin of any parton is observed. For an amplitude with p quark partons and q gluons this implies that in principle (6) p (16) q contributions have to be added. It is true that, in a petros@sci.kun.nl b kleiss@sci.kun.nl c Costas.Papadopoulos@cern.ch particular, many color configurations lead to zero amplitudes, but figuring out precisely which these are is very hard.
(3) Each individual amplitude, with specified flavors, colors and spins, contains very many Feynman diagrams. In Appendix B we give a recipe for determining the precise number of graphs, at the tree level [17] . Typical results are that the process gg → 8g is described by 10,525,900 diagrams, and the process gg → 2g3u3ū by 946,050 diagrams. Inclusion of loop corrections worsens this dramatically, of course.
(4) Each amplitude peaks in complicated ways inside the momentum phase space. Straightforward integration is therefore impractical, and one has to search for efficient mappings to do importance sampling in a multi-particle phase space.
All these difficulties are addressed in this paper, and here we describe our solutions, in reverse order. (4) The peaking structure of the amplitude is dealt with by our phase-space generating algorithm SARGE [9, 11] . This algorithm is tailored to the generation of so-called antenna structures. Let p 1 , . . . , p n be the momenta of the n partons involved. The peaking behavior of the cross section for the purely gluonic process involving n gluons, gg → (n − 2)g is then dominated by the following antenna structure:
and any permutation of labels. Since processes involving quarks do not show other dominant peaking behavior than the above ones, we can cover the n-particle momentum phase space with good efficiency. More details about SARGE can be found in [12] .
(3) Over the last years new algorithms, along with their implementations, for computing the tree-order scattering amplitude have been proposed [3, 13, 4 ]. These do not involve the calculation of individual diagrams, but rather reorganize, in a systematic way, the various off-shell subamplitudes in such a way that as little of the computation as possible is repeated. The improvement in computational efficiency of these algorithms is nevertheless dramatic, down from about n! to something like 3 n . In the algorithm suggested originally in [3] the scattering amplitude was computed through a set of recursive equations derived from the effective action as a function of the classical fields. These classical equations represent nothing but the tree-order Schwinger-Dyson equations, a fact that was already emphasized in subsequent approaches [4] and will be illustrated below for the special case of QCD. In fact, recursive techniques have already been used in the past to compute multi-gluon amplitudes [2].
(2) The usual spin and color summation is replaced by a Monte Carlo integration. In the purely gluonic case [13] this has been shown to work rather well. It must be realized that since we replace the more usual sum over discrete color and spin states by a continuous (Monte Carlo) integration, the variance of the cross section can indeed be expected to be smaller.
(1) We tackle the flavor combinatorics in the same spirit: we assign to each quark and antiquark a flavor quantum number, that is, we extend the definition of the external legs by a direct product with a flavor vector in the space of the five available flavors. By taking these vectors randomly we can perform a sum over flavors by Monte Carlo as well, and the only computational difference between the case of one single flavor and that of f flavors is simply a factor f , whereas the discrete-flavor-sum combinatorics would lead to a much bigger loss in speed. The possibility of coherent superpositions of different flavors might seem awkward but is in fact quite natural since all quarks are treated as massless and therefore the distinction between flavors is to a large extent arbitrary. The only place where flavors are not treated on an equal footing is in the structure functions that describe the difference in probability of picking out different flavors: by a judicious weighting of the flavor vectors for incoming quarks and antiquarks we can handle this as well.
Considering the Monte Carlo treatment of spin, color and flavor, the essential point is to realize that we are Before finishing this introduction we want to mention that, so far, we can calculate partonic cross sections. These are typically good for global quantities like total cross sections, p T distributions and the like. A fuller treatment involves coupling the generated events to fragmentation programs like HERWIG [10] . These programs typically require additional information on the "spanning of the color string". In [7] a way to do this for processes with zero or one quark lines is described; in [18] we shall indicate how the present program can be adapted in a similar manner.
The algorithm for jet production 2.1 The scattering amplitude
Our starting point are the Dyson-Schwinger (DS) equations, which give recursively the n-point Green's functions. These equations hold all the information for the fields and their interactions for any number of external legs and to all orders in perturbation theory. We restrict ourselves to tree-level calculations, so we discard ghost fields. Also we consider all quarks as massless. The couplings between fields, relevant for QCD, are shown in Fig.1 .
The recursive content of the DS equation, for the gluon field for example, can be understood diagrammatically as in Fig.2 . The figure shows that a subamplitude with an offshell gluon of momentum P has contributions from threeand four-vertices plus a fermion-antifermion vertex. The shaded blobs denote subamplitudes with the same structure. So, in effect, this is a recursive equation which we can write down immediately (suppressing the color):
where V µνλ (P, p 1 , p 2 ) and G µνλρ are the 3-and 4-point vertices and
